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The density matrix formalism is used to simulate motional averaging in the 2H-NMR spectra of 
reorienting ND4 ions. The development of the spectra under increasing jump frequency about a 
single C3 or C2 axis is followed. Next we assume a hierarchy of axes in terms of activation energies 
sufficient to reach extreme narrowing conditions for some axes before activating jumps about a next 
one. Primary reorientations about the fastest C3 or C2 symmetry axes define the shape of spectra, 
the width of which is then stepwise reduced by fast reorientations about the subsequent axes in a 
postulated sequence of statistically uncorrelated jumps.

Key words: Deuteron NMR spectroscopy, Molecular dynamics, Ammonium salts, Ammonium ion 
reorientations. -  PACS number 76.60.

Introduction

Studies of molecular mobility are among classical 
applications of NMR spectroscopy. The features ob­
served in the spectra result from the strength and the 
transformation properties of spin interactions. The 
dipole-dipole interaction defines the spectra of 1 = 1/2 
spin systems. Very early papers successfully explained 
the spectra observed for rigid and reorienting H20  [1], 
CH3 [2] and NH4 in a single crystal [3]. Immobile 
molecule, single axis reorientations or isotropic ones 
were recognized from the shape and width of the spec­
tra. Temperature of the transition between the mo­
tional modes gave a rough estimation of the hindering 
potential. The transitions, however, occured over a 
narrow range of temperature, which prevented exper­
imental observations of any intermediate case and 
made related complex theoretical analysis unattrac­
tive.

These limitations result from the small coupling 
constant and multispin character of dipole-dipole in­
teractions. By switching over to deuterons we acquire 
a much stronger quadrupole interaction with suitable 
one-particle transformation properties. Therefore we 
can observe an evolution of deuteron spectra over a 
much wider transition range, and thus reorientation 
rates and details of motional dynamics may be ob­
tained.

Reprint requests to Dr. Z. T. Lalowicz, Institute of Nuclear 
Physics, Radzikowskiego 152, PL 31-342 Krakow/Poland.

2H-NMR spectroscopy has been developed over 
the last decade into a method frequently used for stud­
ies of dynamical processes in a variety of solid state 
systems, e.g. of polymers [4] and crystalline amino- 
acids [5], but also of liquid crystals and lipids [6]. 
Techniques used are 1D, quadrupole echo, spin align­
ment echo, and 2D exchange spectroscopies. These 
techniques provide means for detecting molecular 
jump rates spanned over 10 decades and for deducing 
the geometry of slow reorientations. The sensitivities 
of 1D and QE spectroscopies are restricted to rela­
tively fast motions with correlation times shorter than 
about 10"3 s. The deuteron spin alignment and 2D 
exchange spectroscopy methods extend the range of 
observation down to very slow motions [7].

Motional narrowing effects are detectable in the 
NMR spectra if, on increasing the temperature, the 
jump frequency becomes comparable with the width 
of the spectrum. Details of the line shape depend upon 
the interactions and internal motions related to sym­
metries of the system and lattice potential.

Jump frequencies may be deduced by comparing 
simulated spectra with experimental ones. It has al­
ways been assumed that the motion can be character­
ized by a single correlation frequency which follows 
the Arrhenius law. Situations where two motions 
about a given axis may simultaneously contribute to 
the line narrowing were also considered, and the usual 
approach was to treat them sequentially [8], In many 
cases, however, more complex threedimensional mo­
tions are composed of uncorrelated rotations or oscil­
lations about noncoincident axes. Series of successive
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motions were considered in simulations of 2H-NMR 
spectra [9].

An analysis of the 2H-NMR spectra of an exchang­
ing pair of deuterons was given by Berglund and Te- 
genfeld [10]. Single crystal spectra of Li2S 0 4 D20, 
measured in the range — 83 °C to 103°C, were fitted 
with theoretical spectra characterized by correlation 
times ranging from 10 ~3 down to 10"6 s. A similar 
approach was developed and applied to the reorienta­
tion of ND3 in the D-glycine single crystal [11]. When 
compared with results on protonated systems, a close 
correspondence of activation energies was observed, 
but the preexponential factor was to be reduced by 
about ten. The two-site exchange was also analysed in 
detail [12], but experimental results show the correla­
tion frequencies of H20  and D20  to be equal at any 
temperature.

Spectroscopic studies of the CD3 reorientation at­
tracted attention, and the spectra were calculated for 
a wide range of correlation frequencies [13]. The usual 
procedure, however, was to interpret the spectra un­
der extreme narrowing conditions, which has been 
done for the C3 jumps [14, 15] or for the 180° flips 
compared with rotational diffusion [16, 17], as well as 
for a multisite exchange about a common axis [18]. 
Reorientations in three dimensions, i.e. about non- 
coinciding axes, were considered only for molecules 
with internal degrees of freedom, e.g. trimethylamine 
[19] or lipids [20]. In these cases internal reorienta­
tions and whole molecule motions are independent of 
each other.

Motional effects in ND4 are delt with in a prelimi­
nary contribution of Chiba [21, 22]. Narrow lines were 
attributed to a full narrowing due to isotropic reorien­
tation and broader spectra were used to fit a theory for 
one immobile spin I = 1 with the quadrupole coupling 
constant and the asymmetry parameter being the ad­
justable quantities. But in the latter case an equally 
high mobility of the ion might be expected. However, 
as related experimental spectra were observed at ele­
vated temperatures and the isotropic average was an­
ticipated. an explanation involving a deformation of 
the ammonium ion was postulated. There is no point 
in arguing about all conclusions presented, although 
there is one which is still frequently drawn and re­
quires some comment. When a doublet with about 
2 kHz splitting was observed for some single crystals 
of ammonium-d4 salts, [23] and references therein, de­
formation was assumed to be the only explanation, 
though this was not proven.

However, if ion deformation is so common, it 
should also be detectable at low temperatures. The 
2H-NMR single crystal spectra measured at 4.2 K for 
(ND4)2SnCl6 indicate no deviation of ND4 from the 
perfect tetrahedron shape [24]. Moreover the identical 
quadrupole interactions for all four deuterons indicate 
also absence of an external EFG, which may however 
play a role in the spectra of some low crystalline field 
symmetry compounds. Many cases of high barrier 
ammonium compounds measured up to the room 
temperature supply a variety of spectra with charac­
teristic shapes changing at phase transitions also [25].

We expect a relation between these features in the 
spectra and a multiaxial reorientation of ND4 in dif­
ferent lattice potentials. In this paper we are going to 
show a variety of deuteron line shapes for the ammo­
nium ion simulated on the basis of a simple motional 
model involving reorientations of the undeformable 
ND4 ion around its symmetry axes.

In Chapter II a theoretical basis for spin dynamics 
calculations is presented. We use the statistical Liou- 
ville-von Neumann [26] equation, where quantum 
evolution of the spin system is governed by a proper 
spin Hamiltonian, and motional processes are de­
scribed by respective jump rates.

A motional model for ammonium ion in a crystal 
lattice is given in Chapter III. It assumes jump reori­
entations of the ammonium tetrahedron around its 
symmetry axes. Other kinds of movements, such as 
two-spin exchange or diffusive rotations, are excluded. 
2H-NMR spectra of ND4 calculated for lattice poten­
tials of specific symmetries are given. First an evolu­
tion of spectra on increasing frequency of jumps about 
a C3 or C2 symmetry axis is shown. Fhen as a hier­
archy of axes in terms of activation energy is assumed, 
the applied procedure of simulations involve a step­
wise transition to extreme narrowing conditions for 
consecutive rotation axes. Characteristic shapes of 
spectra are discussed, each being attributed to a se­
quence of jumps about several symmetry axes of the 
ion. Chapter IV recalls some previously published ex­
perimental spectra of ND4 ions at high temperatures 
and gives a new interpretation of the spectra based on 
our motional model. Fhe dynamical state of ND4 ion 
is discussed for each spectrum.

II. Spin Dynamics Calculations

Consider an ensemble of spin systems, each com­
posed of n identical spins I performing jumps between
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N orientations. Jumps are assumed to be sudden and 
as such leave the state of the system unchanged with 
only its Hamiltonian altered. Between two consecu­
tive jumps the spin system remains fixed in space, so 
its time development is governed by a time indepen­
dent Hamiltonian appropriate to actual orientation.

At any time t we may consider the whole ensemble 
to be composed of N subensembles each containing 
spin systems in one of the N orientations. The normal­
ized density matrix g(t) of the full ensemble is

Q(t)= (i)
P = L

where g" is the normalized density matrix of the 
subensemble of spin systems which at time t have the 
orientation p, while pß is the fraction of spin systems 
having this orientation and = 1. We assume pß to 
be constant in time as a result of dynamical equilib­
rium which requires

p W =p W ,r n /iv rv v/i'

where is the probability of the spin system for 
jumping from the orientation p to v.

We are going to calculate the NMR signal

S(t) = Tr(gIx) = Z  Tr(p,ß"/x) = I p M<?&(/*)„ (2)
M = 1 H ij

with i,y'= 1,... (2 7 +1)".
The order of summed up terms of course is irrele­

vant, but some ordering may be convenient. Once a 
particular order has been chosen, we may write

S(t)=Z^lQ s = ̂ -Q , (3)s
where gs=g?j and (I* \jpß.

Each matrix element I*tj appears N times in ST 
although with different coefficients pß.

The time dependence of the partial density matrix 
g" is given by N differential matrix equations

6> = -i[jr> ,e '> ]+  z  X (4)
v±n \v±n J

p,v = l
where is the Hamiltonian of the spin system at the 
orientation p.

The commutator in (4) involves spin interactions 
and is sometimes called the quantum motion term. 
The two remaining terms describe the classical motion 
of the spin systems, and the probabilities WßV have to 
be derived from the assumed motional model.

Equations (4), except for special cases when analyt­
ical solution is possible [12], have to be solved numer­
ically. In the following we propose a convenient for­
malism.

As the dimension of the spin representation is 
(27 +1)" and p = \ , . . . ,N  spatial positions, the set of 
(21 + l ) 2n N equations in (4) may be written in vector 
form:

g = s ä g . (5)

Note that for four interacting deuterons in ND4 we 
have n = 4, JV = 12, 7 = 1 and (27 + l)2nN = 78732. In 
the next Chapter, however, we shall show that the 
problem may be reduced to the dimension 4.

We may find a time independent matrix T which 
diagonalizes i.e. .a/' = T,a/T~l, g '=  Tg, thus re­
ceiving a set of uncoupled equations

g '= s ä 'g '.  (6)

Solutions are found now in the form

e '( t)= e;(0)exP (j/;t), (7)

Since the matrix sä is not Hermitian, its eigenvalues 
sä s do not have to be real, and in general s/'s = 
— as + icos. Introducing = we may
rewrite (3) as

(8)
S ( t ) = q ' = M 0 Z C s exp(i(f)s)e x p (-a s + icos)t,

s
where Cs exp (i fa) = 3T' g's (0).

The NMR spectrum 7 (w) is obtained by a Fourier 
transform of S(t):

I(oj) = \X C s {cos fa [L(w-ojs) + L(w + eoj
s

+ sin 0S [Q (co -  cos) -  Q (co + cos)]}, (9)

where L (x) = £ as (a2 + x2)'"1 and Q (x) = £ x (a2 + x2)' 1.
As J f  depends on the orientation with respect to 

the external magnetic field B0, the calculations lead­
ing to a powder spectrum have to be repeated for a 
grid of (0 ,4>) angles over the ranges required by the 
symmetry.

III. Theory of ND4+ Spectra

III.l. Motional Model

As an ensemble of spin systems we consider now 
ND4 ions in a crystal lattice. We assume that the 
ammonium ion is an undeformable perfect tetrahe-
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dron. The ammonium ion interacts with neighbouring 
ions. Interactions involve hydrogens and tend to lo­
cate them around minimum potential positions. Ther­
mally activated jumps are possible between neigh­
bouring equilibrium positions. We consider jumps 
about the symmetry axes of the ion only, against even­
tually different barrier heights. They are 120° rota­
tions around threefold axes and 180° rotations around 
twofold axes. Any diffusive rotations characterized by 
a continuous change of a rotation angle are excluded. 
In Fig. 1 a molecular reference frame x y z is shown 
along with ND4 deuterons labeled 1, 2, 3, 4. Four C3 
axes pass through the four corners of the tetrahedron 
and three C2 axes coincide with the x, y and z axes of 
the frame. Symmetry jumps are thermally activated, 
i.e. the jump frequency Q depends on temperature T 
and lattice potential barrier Ea according to the 
Arrhenius law

Q = Q0 exp (— Ea/R T). (10)

We introduce Qk (k = 1, 2, 3, 4, x, y, z) for jump fre­
quencies about the C3 and C2 symmetry axes, respec­
tively.

III.2. Deuteron Spin Interactions

The dominating spin interaction is the coupling of 
the deuteron quadrupole moment Q to the electric 
field gradient (EFG) V at a deuteron. The EFG ex­
perienced by the deuterons in the four sites of ND4 is 
axially symmetric with its local symmetry axis 
along an N -D  bond and principal value V: , = eq. 
The quadrupole coupling constant CQ = e2 qQ h~l 
amounts to 180 kHz, consistently measured for a 
number of ammonium salts.

Deuteron dipole-dipole interactions, being much 
weaker than the quadrupole ones, will be neglected in 
this consideration. This makes all four deuterons in 
ND4 equivalent and allows us to trace movements of 
the ion by observing one deuteron in each ion only. 
The size of the problem is thus significantly reduced, 
as we now have the number of spins in the spin system 
n = 1 and four possible deuteron positions (N = 4).

The external magnetic field B0 is assumed strong 
enough to consider the secular part of the quadrupole 
Hamiltonian only. Thus for the i-th deuteron site in 
ND4 we have

(11)
= f  Cq(3 cos2 0, -1 )  [3/2 —/( /  +1)] = T20,

where 0, is the angle between B0 and the N -D ' direc­
tion.

The orientation of B0 is given by polar angles 9,0 
(see Fig. 1), and for respective deuteron sites we have 
the following expressions:

F]° = sin 6 [sin 9 sin 2 0 -I- 2 cos 9 (sin </> + cos (/>)], 
F2° = sin 9 [sin 9 sin 2 </> — 2 cos 9 (sin </> + cos </>)],

(12)F3° = sinö[ — sinö sin 2 </> —2 cos 9 (sin 0 — cos </>)], 
F4° = sin 9 [ — sin 9 sin 2 </> + 2 cos 9 (sin (j) — cos 4>)].

III.3. Calculation of Spectra

Each of the deuterons in the ammonium ion con­
tributes a pair of lines in the spectrum. The doublet 
separation Av takes values in the range — |  vQ ^  Av 
^  I vQ, depending on the orientation with respect to 
the direction of B0. In this range the spectral compo­
nents are found in powder spectra. A doublet with the 
separation Avrig = |  vQ strongly dominates the pow­
der spectrum.

As there is no preference of any orientation of ND4+, 
pM in (1) are all equal. Thus (1) assumes the form

e(t)= J  I  <?"(t). (13)4 „ = 1

Similarly, (4) transforms into a set of four matrix equa­
tions

Qfl = - i [ ^ Q " ] +  I  wVßev- (  I  W Üc", (14)

p, v = 1,..., 4,

where H//1V is now the probability of deuteron jumps 
from site p to v according to the ammonium ion sym­
metry rotations. Thus they are related to jump rates
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Qk as follows:

Wl2 = Q3 + QA + Qz, W13 = Q2 + Q4 + Qy,

W14 = Q2 + Q3 + QX, W23 = Ü1+Ü4 + ÜX, (15)

W24 = Q1 + Q3 + Qy, W34 = Q1+C22 + QZ.

The NMR signal 5(f) is expressed by

S(t)= 7  Z T r f e 'J J .  (16)

For one spin 7 = 1, gM and Ix are given by 3 x 3 ma­
trices, and in F eigenfunction base we have

1 =
I /0 1 0

s f i  \0 1 o / '  

and then (16) becomes

S(t) I R  e(ef2 + ̂ 3).
4 v = 1

(17)

(18)

Similarly, the spin operator appearing in (11) is given 
by I 1 VJ \J\

(19)
rl 0 0 

T20= I 0 -2  0 
0 1

and thus the element (i, /c) of the commutator in (14) is 
simply

W .C 'l i^ v f te Ä  (20)

with vf2= - 3 v QF„°, v£3= - < 2, and < 3 = 0. Note 
that due to the diagonal form of F20 there is no cou­
pling between matrix elements gfk of different indices, 
and (14) transforms into nine independent sets of four 
coupled differential equations:

8?k= -iv ? kQ?k+ X WVßg?k-  ( I  W \g rk; (21)

i, k= 1,..., 3; n, v = 1,..., 4.

Moreover v£3 = — vf2 implies 0^3 = gX2, and this sim­
plifies (20) into

1
S ( t)= —  Z R e ^ 2.

y/2 M = 1
(22)

Finally, we must find only four matrix elements gf2 
and only one set of equations (21) has to be solved. 
Putting ĝ  = gx2 and vfl = vf2 and making use of (15), 
we rewrite (21) in the form
gl = - i v lQ l+ Q2(g3 + g4- 2  01) + ß 3(02 + 04-20!) 

+ ß 4 (g2 + g3- 2  01) + ß*(03-0 i)  

+ (04

02 = V2Ö2 + ß l (ö3+ 04-2  02) + ß 3 (öl + 0 4 -2  02)
+ Q4(gl + g3- 2 g 2)+Q x (g4- g 2) 
+ üy(g3- g 2) + ü z(g1- g 2), (23)

03 = -  i V3 03 + ß l (02 + 04 ~ 2 03) + (0 1 + 04 ~ 2 03)
+ Q4 (0i +02~2 03) — 03)
+ ß >.(02- 0 3)+ ß ,(0 4- 0 3),

04 = -  I V4 04 + (02 + 03 -  2 04) + Q2 (0! + 03 -  2 04)

+ ß 3(01+02-204) + ß , (02-04)
+ ß y(0 !-0 4) + ß z (03- 0 4),

which is most convenient for the further discussion.
The NMR line shape depends on the relative mag­

nitudes of the linewidth Av and jump rates Qk. Molec­
ular reorientation at Qk <t  Av has no influence on the 
spectrum. Therefore in the general equations (23) we 
can neglect all terms with the respective Qk. When this 
is the case for all k, we obtain the rigid lattice spec­
trum. For any Qk ~ Av the spectrum shows effects of 
motional narrowing. The powder spectrum is rather 
broad, and therefore for moderate jump frequencies 
the narrowing condition is fulfilled to a different ex­
tent for various doublets. In this sense the 2H-NMR 
spectrum of ND4 narrows inhomogeneously.

P rim ary C3 Axis Jum ps

In order to make our approach to multiaxial rota­
tions clear we first assume that the only possible mo­
tions appear about the threefold axes, so Qx = Qy = Qz 
= 0. Moreover, we assume that heights of all four bar­
riers hindering the C3 rotations are different, say 
EaX < Ea2 < Ea3 < Fa4 so that, according to (10), Qx > 
Q2pQ 3pQ 4 at any temperature well above absolute 
zero.

Cases in which twofold rotations take place as well 
as those where activation energies for different rotation 
axes are equal will be considered later.

At absolute zero all Qk are zero and the spectrum 
calculated with (23) is a rigid lattice one. Its shape, 
determined only by quantum spin terms — iv^g^, is a 
familiar Pake's doublet of the width Avrig =135 kHz. 
Jump frequencies increase when temperature raises but 
as far as ß k<̂ Avrig, classical motion terms in (23) may 
be neglected and still the rigid lattice spectrum is ob­
tained.

When the temperature increases and Qx becomes 
comparable with Avrig (while the remaining jump rates
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Fig. 2. Theoretical 2H-NMR spectra of ND4 ions perform­
ing 120° jumps about Ĉ 1' symmetry axis calculated for dif­
ferent jump frequencies ß , : a) ßj = 15 kHz, b) ß t =30 kHz, 
c) ßj = 80 kHz, d) ß, = 120 kHz, e) ß t = 600 kHz.

are still much smaller than Avrig) we are dealing with 
the case of one axis rotation. In Fig. 2 the evolution of 
the NMR spectrum calculated for increasing Ql is 
shown. Already at low jump frequencies three peaks 
emerge at 0, + 45 kHz. There are two orientations of 
ND4+ at which deuterons jump between positions of 
exactly equal quadrupole shifts (B01| C2, B0 || C^1'), and 
the motion causes no fluctuation of the interaction. All 
but these spectral components broaden, which is due to 
the motional fluctuation of the quadrupole interaction. 
On increasing the jump rate, a central component 
builds up and changes its shape from a round top to a 
doublet with a reduced separation.

For the temperature range where {2j|>Avrig, and 
where simultaneously all remaining jump frequencies 
are still much smaller than Avrig, a line shape is reached 
which does not change with further increase in Q{. The 
spectrum is composed of two doublets: one a rigid 
lattice doublet with the relative intensity equal to 1/4, 
and the other, a similar doublet of three times reduced 
width and an intensity equal to 3/4 (see Figure 2e). We 
introduce the symbol 1 C3X for this spectrum. The width 
of the full spectrum is Av = |  Avrig.

A further increase of ßjdoes not influence the spec­
trum. Below we are going to show that in this case (23) 
has to be written in an equivalent form in which the 
parameter Q{ is not explicit although the fast motion 
around the C^1' axis has been taken into account.

With the assumption Qk Avrig for k = 2, 3,4, all 
terms with Q2, ß 3, and ü 4 can be omitted in (23) and 
we are left with the following set of equations:

01 = -»V ißi,
02 = ~ iv2 02 + (03 + 04 -2  02),

(24)
03 = - i 'V303 + ß l(02 + 0 4 -2 0 3)' 
04= -  IV4 04 + ̂ 1 (02 + 03 - 2

The second, third and the fourth equations (24) are 
coupled by motion, while the first one is not coupled 
to any of the them and thus supplies the spectrum of the 
immobile deuteron. As the solution of the first equation 
is straightforward, let us consider the remaining three. 
We sum them up receiving

02 + 03 + 04 = - ' ( V2 02 + V3 03 + V4 04), (25)

which is the equation for the quantity (g2 + 03 + 04) not 
depending on On the other hand ßj Avrig, so we 
can drop in (24) all spin interaction terms, — i vß Qß, 
reaching the approximate form

02 = ß l (03 + 0 4 -2 0 2),
03 = ß i(02 + 04 -2  03), (26) 

04= (02+ 03 -2  04)-

It requires that g2 = g3 = 04' which is easy to show if we 
find that the equation

0/t — 0/ = — 3 (01c — Qj) for k,j = 2,3,4 (27) 

is valid. Its solution is

0* -  0; = [Qk (0) -  0j (0)] exp ( -  3 Q,t). (28)

But Qt (0) = e 2(0) = 03(O) =04(O), because after the n/2 
pulse all spins of the system are in the same state. Thus 
for large Q1 we have the equality: Qk = Qj for k,j = 
2, 3, 4. Now we can use this in (25) obtaining

6k= - i v ll)Qk for k = 2,3,4, (29)

where \7(1) = |(v 2 + v3 + v4)=  — ~ v^ The conclusion is 
that the fast rotation about one axis results in the 
equality of the density matrices involved and the aver­
aging of the corresponding frequencies. So the equiva-
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lent form of (23) for the fast rotation about C3J) axis is

Q2= - i v a)Q2 +Q 3(q1+qa - 2 q 2)+Q a (q1+ q3- 2 q 2), (30)

8 3 = -  ' V(1)03 + ß 2(01 + 04" 2^3) + Q 2 — 2 03),
g4 = -  i v(1) + Q2 (ßj + ß3 - 2  ß4) + ß 3 (ßi + q2 - 2  q4).

A further increase of the temperature does not 
change the spectrum until Q2 becomes comparable 
with |Avrig. Then, with increasing Q2, the line shape 
changes as shown in Figure 3.

When the temperature reaches the range where 
ß 2^>|Avrig, the spectrum becomes insensitive to any 
further increase of Q2. The line shape is similar to that 
of the 1 case but its width is now three times 
smaller: the separations of two doublets are now 
|A vrig and |Avrig with the integral intensity ratio 1:3. 
The symbol of this spectrum in our notation is 2 
For the mathematical description of this case, (30) has 
to be written in an equivalent form, which can be 
obtained in a similar way as those for the rotation 
about C3J> axis. They are

Qi = - ' 'v (2)0i + ß 3 (02 + e4 -2  0i) + ß 4(02 + 03 -2  0i), 
Q2= - i v a )Q2 + Q3 (q1 + q4. - 2 q 2) + Q4(q1+ q3- 2 q 2), 
03= _ iv (2)e3 + ß 4(e1 + 0 2 -2 e 3)>
04= - i v (2)Q4 + Q3(e1+Q2-2Q 4) (31)

with v<2) = |(vj + 2 v(1)) = |v j .  We have omitted here 
all terms with Q2 in the first, third and the fourth 
equations of (30). We have, however, taken into ac­
count the fast rotation about the C(2) axis by putting 
in the appropriate average frequency v{2).

The process of activation of the remaining two 
threefold axes with increasing temperature is straight­
forward. In the extreme narrowing limit for the addi­
tional C33) axis the first, second and the fourth of 
equations (31) are involved in averaging. They become

q2 = -  i v'(3) Q2 + ß 4 (ßi + 03 -  2 Q2),
(32)

e4 = - i v <3)e4,

and the average frequency in this case is v(3) = 
|(v (1) +2 v(2))= — 2V Vj.

For the extreme narrowing with the last threefold 
axis, C34), the first three equations of (32) take part in 
averaging and the final average frequency is v<4> =

correspond to Q2 increasing according to the formula 
Q2 (n) = exp( —1/TJ [MHz], where T„ = 0.08 + 0.013 n. Scale 
45 kHz/division.

y

1 1 1 1 1 1 1 1 1
Fig. 4. Standard 2H-NMR spectrum of ND4 ion performing 
fast multiaxis reorientation. The quadrupole coupling con­
stant 180 kHz was assumed. 1. jumps about a single C3 axis, 
"1 Cf" -  scale 45 kHz/division, 2. jumps about two C3 axes, 
"2Cf" -  scale 15 kHz/division, 3. jumps about three C3 
axes, "3 " scale 5 kHz/division, 4. jumps about four C3 
axes, "3 Cf3" -  scale 1.66 kHz/division. Central doublet split­
ting equals 1 division.
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Fig. 5. Theoretical 2H-NMR spectra of ND4 performing 
180° jumps about the C(2X) axis with increasing jump fre­
quency Qx\ a) Qx = 5 kHz, b) ßx = 10kHz, c) ßx = 30kHz, 
d) Qx= 70 kHz, e) ßx = 300 kHz.

1 C2 + nCf of reorientations is characterized by the width 
<5 = 45 kHz for n = 1; (5 = 15 kHz for n = 2; 6 = 5 kHz for 
n = 3; Ö = 1.66 kHz for n = 4. The broad component disap­
pears for lC f + nCf + iCf.

j(v (2) + 2 v(3)) = ^-Vj. In both above cases of extreme 
narrowing the spectrum contains two doublets with 
the relative intensities 1/4 and 3/4 and the widths 
|  Avrig and Avrig (symbol 3 C3 ) for the C^3) axis and 
yy Avrig and ^A vrig (4 C3X case, see Figure 4).

In the intermediate ranges i.e. when Q3 % |  Avrig for 
C^3) rotation and when ^  Avrig for C(3 ] rotation, 
the line shape changes as shown in Fig. 3 with the 
appropriate rescaling of the frequency axis.

Activation of any twofold axis after any of the C3 
axes in a chain of consecutive rotations appearing 
with increasing temperature causes a disappearance of 
the outer doublet in the spectrum in Fig. 4. For exam­
ple, if C(x) axis jumps become activated after C34) in a 
sequence of rotations just considered, (23) assumes the 
final form (we take Qy = Q, = 0)

0i = - i v (4)01 + ß x(03- 0 1),
g2 = - i v (4)g2 + Qx(g4- g 2),

Q3= - i v iA)g3 + Qx (Ql- g 3), (33)
g4 = - i v (3)g4 + Qx{g2- g 4).

Rotation around the C2x) axis couples equations (33) 
in pairs: the first with the third and the second with 
the fourth. In the extreme narrowing limit, i.e. when 
Qx P Avrig, all four equations lead to the same line 
shape (symbol 4 C3 1 C2 ) because the average fre­
quency for the first pair is just v<4) = and for the 
second pair it is |  (v(3) + v(4)) = — ^  vt . The line shape, 
being symmetric around v = 0, does not depend on the 
sign of the frequency term in the Liouville equation 
(14).

Activation of the consecutive fast rotation about 
the second twofold axis, say (4 C3 2 C2 case) 
narrows the spectrum to a single Lorentzian central 
line. The average frequencies for all four equations in 
the appropriate differential equations for gß are in this 
case all zero.

P rim ary  C2 Axis Jum ps
An interesting situation appears when the first jumps 

in a sequence, the most frequent (i.e. against the 
smallest potential barrier), are performed about one of 
the twofold axes. Let us assume it is the C2X> axis. We 
start our consideration from the rigid lattice case, i.e. 
when ß x<^Avrig. With raising temperature we reach 
the range where ß x«Avri , and then the spectrum is 
described by (23), which for Qk Avrig for k = 1, 2, 3, 4, 
y, z are

01 = ~  jV101+ ß x(03-01),

02= ~ ' V2 02 + ß *(04~02)>
(34)

03= - ' V3 03 + ß *(01-03)>
04 = — IV4 04 + Qx (g2 — 04).
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a. J  f

b J  y

c. y  j

d. /

J

-150.00 0.00 kHz 150.00
Fig. 7. Theoretical 2H-NMR spectra of ND4+ ions perform­
ing jumps about two or more equivalent symmetry axes with 
increasing jump frequency Q: a) Q = 5 kHz, b) Q = 10 kHz, 
c) Q = 15 kHz, d) Q =45 kHz, e) Q = 140 kHz.

Figure 5 shows the evolution of the spectrum with in­
creasing Qx. A central peak grows on increasing Qx 
while the width remains to be 6 vQ= 135 kHz. For ex­
treme narrowing, i.e. when ß x>Avrig (1 Cf case) (34) 
has to be written in the equivalent form

(35)
0i = - iv 'Q l +Q 2 (03+04-2 0 !)+ ß 3 (q2 + Q4-2 et) 

+ ß 4(02 + 03- 2  01) + ß ),(04- 0 1) + ß 2(02- 0 1), 

Q2= - iv " Q 2 + Ql (Q3 + £4 _  2 02) + ß 3 (0J + 04 -  2 02)

+ ß 4(01+ 0 3 -2 0 2) + ß y(03- 0 2) + ß z(01- 0 2),

03 = - i v '0 3 + ß 1(02 + 04- 2 0 3) + ß 2(01+04- 2 0 3)
+ ß 4(01+ 02-2 0 3 )+ ß y(02- 0 3) + ß z(04- 0 3),

04 = -  i V " 04 + ßl (02 + 03 -  2 04) + ̂ 2 (01 + 03 -  2 04)
+ ß 3 (0 ! + 02 -  2 04) + Qy (0 ! -  04) + Qz (03 -  04),

where v' = j  (vt + v3) and v" = |(v2 + v4).
Fhe spectrum reveals the shape characteristic of the 

asymmetric EFG tensor (fj = l) and vQ = 3vQ [21], a 
dynamic average in this case.

If the next consecutive axis activated with increasing 
temperature was the second C2 axis, the spectrum

would narrow, as is easy to show, to a single central 
Lorentzian line. When, however, the next axis activated 
is a threefold one, the line shape passes an evolution, 
and for the extreme narrowing (1 Cf 1 Cf) assumes the 
shape presented in Figure 6. The activation of the con­
secutive threefold axes in a sequence makes the spec­
trum in the extreme narrowing limit three times nar­
rower for each following C3 axis (see explanation given 
in the legend of Figure 6).

E q u iv a len t Axes

The case in which at least two of seven activation 
barriers characterizing the motion of the ion in crystal 
lattice are equal is rather uninteresting, although often 
encountered in real crystals of ammonium salts mainly 
with higher point symmetry (e.g. cubic). Then the evolu­
tion of the spectrum beginning with the rigid lattice 
shape evolves through a superlorentzian line without 
any structure into a single central Lorentzian line (Fig­
ure 7). Jumps about at least two different axes with the 
same jump frequency lead to equal probability for a 
deuteron of being in each of four sites in ND4 tetra­
hedron. The average Hamiltonian in such a case is just 
zero.

IV. Discussion of Some Literature Results

Motional dynamics of ammonium ions was as sub­
ject of numerous studies by various methods. The ions, 
located in local crystalline fields of various symmetry, 
may exhibit features due to tunneling at low tempera­
tures and the reorientation by thermally activated 
jumps at high temperatures [27], For both ranges, tak­
ing deuteriated ammonium ions brings some attractive 
advantages when NMR spectroscopy is applied. We 
can therefore find some published spectra at high tem­
peratures and wish to propose a new interpretation for 
them.

An external EFG, comming from a noncubic ar­
rangement of charges around the ion, introduces a 
structure related contribution to the effective quadru­
pole interaction of deuterons, which may be visible on 
the deuteron spectra. Introduction of the external EFG 
for each deuteron was found necessary for the explana­
tion of the tunneling ND4 spectra measured for 
ND4C104 single crystal. At about 50 K a narrow dou­
blet representing the "4 C f -C f"  case shows an angu­
lar dependence (3 cos2 0  — 1). As 0  is defined between
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B0 and the direction of the primary C3 axis, its direc­
tion in the crystalline field had been found. It confirms 
the approach of the present study, but particulars will 
be given elsewhere [28].

Narrow doublets were observed in 
Rbx(ND4)1 _a.D2P 0 4 mixed single crystals [29]. The 
quadrupole coupling constant 3.7 kHz was measured 
over a large temperature range and various composi­
tions, for which a powder doublet with <5 = 2.7 kHz 
would emerge. We proposed the sequence "4C®-Cf" 
as a description of the ammonium ion mobility, which 
is compatible with the tetrahedral crystal structure. 
The doublet characteristic for the "4C f -C f"  se­
quence was observed for some other powder samples 
of ammonium compounds.

The geometry of the trimethylamine molecule and, 
in consequence, the motional averaging in the spectra 
bear some similarity to the ammonium ion case. 
Methyl group C3 axes make the tetrahedral angles 
among themselves and with a C3 axis of the whole 
molecule. One C -D  direction per methyl group ap­
pears to be coaxial with the C3 axis. Fast C3 reorienta­
tion leaves the spectra of these deuterons intact as a 
background for the narrowed to |  spectrum of the 
remaining deuterons. Additional fast reorientation of 
methyl groups gives a doublet spectrum of |  rigid width 
[19]. As we see, averaging by two independent reorien­
tations gives a spectrum equivalent to our "2 C^" se­
quence. However, the existence of the fourth deuteron 
in ND4 , immobile during each C3 reorientation and 
contributing to a second component, rules out the use 
of intermediate range results for our purpose.

ND4N 03 supplies a very interesting example of a 
compound having several structural phases, each with 
a characteristic 2H-NMR spectrum. The deuteron 
spectra [25] and Tx [30] were measured some time ago 
and repeated recently [31]. Based on our model, we 
propose the following interpretation of published spec­
tra: In phase I (T >400.7 K) the spectra are very nar­
row ((5 ~ field inhomogeneity) indicating the ND4 ion 
migration in a lattice. On transition to phase II (400.7 > 
T > 366.2 K) the translational diffusion is slowed 
down. Isotropic reorientation of ions is still present 
and leaves the spectrum narrow and structurless 
(<5 ~ 0.7 kHz). In phase III (366.2 > T > 308.7 K) the 
spectrum has the form shown in Figure 6 and exhibits 
no temperature dependence. Its width ((3 ~ 2 kHz) indi­
cates the "CX-4 C 3X-C 2X" model. In phase IV (308.7 
> T  >255.5 K) the spectrum seems to be a sum of 
two superimposed components "C2 -3 C 3 - C 2" and

"4C£-C£" with about 4:1 ratio of intensities. On 
transition to phase V (T< 255.5 K) the spectrum 
clearly transforms into the "C J-3C ® -C 2" case. The 
width depends on temperature first just slightly, but 
below 150 K starts to increase rapidly. This indicates 
the jump rates for separate axes approaching the inter­
mediate range, but their hierarchy cannot be guessed 
yet. The analysis of features in the spectra may be 
supported by a relaxation study, and some preliminary 
observations can be made on existing data [30], There 
is only one step observed in the spin-lattice relaxation 
rates of both protons and deuterons on the transition 
between phases IV and III, indicating a structural 
change. The activation energy also changes at this point 
and amounts to about 12.8 kJ/mol in phases IV and V 
(down to about 160 K) for NH4 as well as for ND4 . 
One can not exclude the existence of some new phases 
at still lower temperatures. Below about 160 K the acti­
vation energy changes again, and Ea= 10.7 kJ/mol and 
8.6 kJ/mol were obtained for ND4 and NH4 , respec­
tively [30]. The change in the activation energy is ap­
parent. Its decrease with decreasing temperature indi­
cates a continuous transition from relaxation domi­
nated by C2 reorientations to a contribution of C3 
reorientations against a lower barrier.

The pioneering work of Chiba [21] reports on 
2H-NMR spectra of ND4I 0 3 and (ND4)2S04 just be­
low room temperature. The case of ND4I 0 3 we inter­
pret as "C®-3C3 -C f" , since it clearly resembles the 
spectrum of Fig. 6 with a width of about 5 kHz. The 
(ND4)2S04 spectrum is most probably a sum of "C2 -  
3 C f-C f"  and "Q J- 4 C f -C f"  types. Ammonium 
ions are in this case occupying two sites different in 
symmetry and barrier height [14],

The interpretation of experimental data presented 
here is certainly preliminary. A careful verification of 
our interpretation will be given on the basis of new 
measurements. Besides, a model has to be developed 
that would include a statistical interpretation of com­
posed spectra. Work along these lines is being con­
tinued.

V. Conclusions

Following previous mumerous studies we report 
findings concerning the unique possibilities of 
deuteron NMR spectroscopy for resolving and clari­
fying the nature of molecular motions and for deter­
mining separate reorientation rates. We owe these
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possibilities to the value and transformation proper­
ties of the deuteron quadrupole Hamiltonian under 
symmetry rotations of a molecule. Features in the 
2H-NMR spectra of reorienting ND4 ions are consid­
ered. We for the first time point out the sequential 
character of multiaxial reorientation of molecules 
with no internal degrees of freedom. Their symmetry 
rotations cannot be simultaneously executed, which 
results in motional dynamics seen in detail as a series 
of statistically uncorrelated jumps about some axes 
with different correlations frequencies.

Calculated spectra serve as a guidance in pointing 
out important features of a motional model. Compu­
tations for primary C3 or C2 axis reorientation refer to 
cases of asymmetric threedimensional potentials, 
when one axis reorientation prevails. We obtained dif­
ferent spectra in these two cases. For one axis reorien­
tation in the extreme narrowing limit the spectra pre­
sented here are identical with those calculated before 
for very high tunneling frequencies about respective 
single axes. However, clearly distinguishable spectra 
are observed in the intermediate ranges of the correla­
tion and tunneling frequencies [32].

When one axis reorientation becomes interrupted by 
jumps about any other axis, which under experimental 
conditions happens due to increasing temperature, the 
spectra bear still a mark of the primary motion. A 
number of possible sequences like "nC®-xC®" or 
"C f - n C f - x C f  («=1,2,3,4, x = 0,l) lead to 
spectra different in shape and/or width.

Sequential multiaxis reorientation may be observed 
experimentally for ND4+ in low symmetry potentials 
securing a hierarchy of axes in terms of respective 
activation energies. The plateau found in the tempera­
ture dependence of the spectral width (or of the second 
moment) can be labelled with unambiguously at­
tributable sequences of single axis reorientations. 
Higher symmetry cases show transitions from a rigid 
ion spectrum to a very narrow line for a sequence 
sometimes lacking just one symmetry rotation. A di­
rect transition from the rigid doublet to the isotropi- 
cally narrowed spectrum is a common observation for 
cubic potentials.

The concepts outlined above are verified on some 
previously published experimental examples. A set of

cases was chosen to represent some of possible cate­
gories. Sequences lead by primary C3 or C2 reorienta­
tions have their respective representation. As ex­
pected, such spectra do not change over, sometimes, 
wide range of temperatures. A systematic decrease in 
width is observed and may be attributed to an increas­
ing amplitude of torsional oscillations about equilib­
rium orientations. The spectra obtained for different 
crystalline phases of a compound indicate possible 
structural conclusions. However, in spite of a clear 
change at phase transition, due to still limited data 
one cannot yet unequivocaly judge the extent of pos­
sible structural information.

Various cases of ND4 ions mobility, clearly ob­
served on the spectra, may exhibit related features in 
the spin-lattice relaxation. Contributions of reorienta­
tions about separate axes against different barriers 
change with temperature, and those fulfilling the con­
dition v0ß _1 ~ 1 dominate. Related features in the spin- 
lattice relaxation, as changing slopes and broadened 
minima, may result. When not related to a structural 
phase transition, changes of activation energy on tem­
perature may therefore be apparent. Particularly clear 
are the cases where separate minima can be observed 
in spite of equivalence of positions for all ions, thus 
indicating a large difference in the barrier height for 
some reorientation axes. Such correlations between 
the features of spectra and relaxation confirms our 
approach.

On the basis of the analysis of spectra, we indicate 
here some possibilities of distinguishing between dif­
ferent multiaxis sequential motions of ND4+. The first 
presentation of the subject, extensive as it is, does not 
cover all observable cases, and the work will be conti- 
nuned.
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